PX153 - Maths fer Ph&sicisls
deckion 3 - Linear Algebro
3.1 Matrix Terminologj

* A makix 5 o fectangulac QrTay of Numbas of Sze mxn |, with Mrws and h
Columns

An element can e cefered o 03 Oy ~ @wi , Column j

A matix Con be represented as A= (Gimxn - O Con then be dofined.

2. Cu  Cia a -
C" (Cﬁ)l"ﬂ- CU = 0 C - ( 2\ Cz:> 3 (( 0)

* The fronspose of o eckar, Notated bj AT, b prduced by Swapping the
FowS and  Columns af A

< pecial Matn
" Omn = OU elemenks equal fo z2o
Anxn — Saquarg matnx
A= diag (., 02+ Qnn) = diagonal matrx, Qij=@ N (#]
Ln-= diag (t,1...1) = dl’aaunol Mafriy With only 1s  €g. I, = (é?
Triansmar matrix — Qij=0 if (4] O (>

3.2 Matrix operations
* ) Makrices can be added if +he:j have the Same Size

A= (O“:i)m:m B= (b):j)pxly IF h=p ond N=9
A+ B - (atj 'l'bu)mxn



A mairx can be muhpied by o Scalar by mulfipying each element
b3 the Scalas

A = (alJ )m;m AA = (A aU) Mxn

1 Matrices Can be mwh'pu'ed if +the Number o{-’ Columns of— +ho ﬁr5+ (s the
Same a3 fne number of @WS on +ae Seand
1 A= (a(i)nqxn B= (b(j.\pm

If n=p AB 5 vald but BA is not (If 9zm)
AR win  have Size mxq,

' The pmduct of L Mmakrices AB is defined at the dor poduct of e
Product of the (™ oW of A with the Je Gmnd 8
- AR-C- CC'J)mx-r shere é Qe by

Exampu
. ] {, J
0 -2 | 3

AB = [l(en 26) 1(:)+2(-2) ] -[5‘ -?]
-(8) +3() -1(-3)+3¢y ) LB -3
BA = [50)—3(—0 sa)-3) | = [% ¢
0(0-2 ()  6(2) -2(3) 2| &
AB + BA

The (ommutator of 2 motvices &5 defined 03

[A,8] = AB-BA



— I Yoo Mulh‘plﬁ a @ Vector by @ column Vectr o
dot prodwct (s pmduco_c-\

A)ixn X (Blpx = (% O‘"b")m

— If Yo Mul)fiplﬂ o Column Vectoc by o mw Vector an
Outer prdict s prdiced

(B)I\)q X (A)an il (M)nxn
3.3 Gaussian E hminatcon

* Gaussion eliminakion can be useb fo redice o Sysrem of equations or
O mahix
* There are 3 qllowed operations:
— Inl—erchande 2 equaHans/raws
- ﬂtplace an equahon/row b:j Itself- + C tmes anotnes equahion
= Mu\{-ip\j an  equahn | ow bU a_hen-zem constank
: ﬂﬂiS is done fp p(bducz equatons that are easy fo elve (n
W reduced echelon form
— The fist hon-zer enhy Shauld be 1
= The first pon-zew entry Should be 4 e right of the previovs
o)
— Al gther Coamn entries that Contain Iead:'r_tj 1 are ze®



3.4 Trace ond Determinanks
Lo Basth only  defined for Square  Mmatnices

* The +race of a. matrix IS the Sum of o\l'qacnal eloments
Tr (A) - i QA

— Tr (A+B) =TrA +Tc 8
— Tr (AB) = éaa‘ bi

* The determinant of 0 Square matrix A is notated as
Al oc detA. For oo 2x2. matix

a b
A= (c ot) 1A= ad-bc .
CofacksC Cjj  (—1)™
* The minoc mg of g fov matrix A is defined as the determinant of
(n-1)(n-1) matrix cbtained bj rt_zmwing W and Cblumnj
~ The Cofacker Cyy = ()N my;

The detecminant af 0"3 motnx Canthen be dzﬁ"necl as
[Al= Zag Gy cy= 07 my
i

* For 3 edtors 2 ,f,j, their Scalar triple product Z-(£x3)
Con be calcuoted from the detorminant of o matn of +heir

Com ponents
e-| e'.!. efj

2. (Fx3) = |4 A &
9 & 5




Lk is abo the Voume of He poellelpiged fomed by Ale 8 vecks

Properties of Determinants

N
" |AB| = [A] I8
* ,Inl § j—

- | MAL = XAl where A= (Gii)nxn
It 1w of A s mubpued by A, IALis Mulbpued by A
I B is oblaned from A laj tnfecChanging 2 fus af Columns,
1Bl= — |A)
o ow s replaced by row (+ Arowj, (#) Hun the  determinant
IS undnangeé
* If 2 rws are (denbcal, |AI=0

= The determinant o{ Q. mattrix Can be 'ﬁmno' ‘from anj [RBw a7 Calumn
3.5 Matrix Tnvesion
* The a%jujal'a Ady, of o matrix A=(agmxn is Oefined as (cy)”

Ad;s A = (C.;))T

* The nverse of o Matrix s defdined as

A'= | M A —oayif IN#0
JA



Progerkies st Mawix Inveses
* If A and B have (pverses [ IALL18)#8) than (Al?‘;)-l =B'A
<1t A= (Qij)axn then (A)" = (A"

3.6 SO\UI'(\B Ax = b

LU _Decompasiion
" A mattix A Con be decompised into a lower ond upper frianguiar
mairix  A=LU
| © 0) Ji Ua Uiz
A= L:u | O 8 Uz (A13>
Ly Ly, | O 0 VUi
Un Ull UB
= LUy Z—-m U, +Uz9 Ly Uiz U3
Lg; Uy, L3, U, +LsUn Lg,, Uzt L32U7_3 +Uz3

Ls This con be used fo Soe AX = b for bj decompasfrg it to
UZ=7 ond (J=b
v i
Solve Sewnd Solve first

Madrix  |necsion
Ax=p (Can be Soled USing matrix nuersion as
Ax =B
AMAZ-A'BF — AA-T aMd Ic-C
x= A'b




3+ Specal Matrices

It A=A, A Symmetric
"l A=-AT A S antiSymmetric

— Anj Nxn Matfix is the Sum of & Symmedric and ontigymmetnc matex

Ce

* Makix A octhogonal if AT=A"

Lo
= (CGSQ -Sm@) AT = (C&é Sin®
Sing (os® ~3'n@ C059>
AL = ( Cas?© +Sin*0 VNG (636 -SinQCose) =
VNG (636 —Sin6Ces® (as?@ +Sinto

:Il- —| .. A’AT

e
0 |

Singuuaf Madtices
* | det A=0 A has o wverse and is S:‘nﬂula.r‘

Heenithian Comusa’rz Madrices

+ *\T —
‘The hormiion Conjugate of A is AT = (A) = (AT )
e A= (d )mam —  (Complex ConJ\Ho&e. of each elameny

* I A=A" then A s hermihan
* £ A=-A" fhen A is anhi-hermihan

= AIB Square matnx is the Sum of a hemiban and
ong hecmibian  Matnx



Umimg Madrices

- Matrix A s unitary A AT=A"
3.8 Mokix Operations on veclors

A mairix A Can be used 1o map aVector X {o another vectar &
b AX = 6

0 by lin e

A rotation ankiclockuwise amunc\ the z-oxis transformed lzj matnx
Ces©® —-Sind
T = S\ne C;Jse
A cotakion anticlockuwise amUnA the —a\m fransfermed t!j mo:tny
CGSO 6 38né
‘r =
SmQ o (Cose

A cotakion anticlockuwise arund  the A-0xis ronsfermed &B matnx

| 0 (4]
T = 0 (es® -Sm9>
0 Ing Cos®
S h.'n
A Vector can e enargal by tronsfsrma tion matnix
P (e

-l
 Transfomation matre T= (o 2) Wil wert vector & o -



314 Eigenvalues and E:aenuechsr:s

' |\f Ax=AX 2 is+he egenvector of A and A is +he egenvalve
— A=0 is pot On occeprable egenvawe
~ For Square matrices anly

Az = dx
Ax- Ax =2
(A">I)3‘Ch =0 — from this | A-Az) =0
— USing +his, a quadrabc of A is farmed , Which can be Solved
foc As and &s

* 1 the wgepvectar found nas ngrite Seolubony (due fo denhce
Simultaneous  equahons, 'k Can be.  Noamaused by Sethng
XT.2 =l ond Solving foc the free gammetes

Example:  Find the @igenvalues and eigenveckon of A= (Lépi
IA -3z - )4—;\ ) = (4-3)(2-3) =3
2-\
O = 42 —6 A +5
6 = (A-3)(Ar-))
x=8 A= > Eigenvawes

For A=L: (A Alx =0

E)ENE) )

?)96;+9c2) (o == Aoer=t 9 =3¢
Qo¢, + 9, o



Iy |
L= L (5) Where £ is o -Frez parame ter

-
xT-z2 = (¢ -3&)‘(-3,t) T 4%+ qez =i
l0£2 = |l
¢- /5o

A fac No e d g(s)

for A5 (A-A1)- (-t .)(oc.) -()
A - @, o
(-—DC; + Dcz) — (cy = If X, =t, 5=t
50C '39:1 g
%=« ()

L N 4
xTdx | = (¢ t)'(e) = £2+¢2 =op2.
L= II\F:L

e N5 2 =5 (1)
i x5 an eigenvector, then XZ il alse be one
3-10 Properties of Speciat Matnces

* Nectors  are oﬁhogonal ond normalised if
x'-x =1 g-x =0
~ If Veckos are Complex, m@ ore cfﬂnoaonal (f
G

sc~3=o



-
* For Hermihon motnces (A= A""—&\*)

- Esen\raluu are almds veq

—If ey, eigenyectss are orthoyonay

* For Um’carb MadniCes ( Uf‘-U")
- [24)=1 -

3-11 Basi Chanszs and Sl'ml'(arﬂy Transformahons

* A Nedw bosis can be Hangformed fo a now set of Coscdinates lo:j
Multiplying hj o 4mansfor mabon mapix S

Rt 4

- If &'=8x , £ = 8"=x
" A Similariby transfsem 5 a magping  whose fransfocmalion
Matix  Con be Watten (i the fomn
A=SAS"
— A ond A ore “Similar matrices’ - they Nave i Same Tr,det and An
TOiS o fonsinguor Square matrix

- T'=T
|A[ <A
|A-2T') = |A-2QT]
*Te A = TeA

S Con be ysed o tonsfrm A o make A’ diagenat i€ S is Compased
of the mauwedm of K






